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Heat Kernel Techniques

1 De Witt-Seeley coefficients

Find the expressions A(f) and C(f) in the De Witt-Seeley expansion

T (£e%°) = [ doy[1(0) f(0)(ole™ o) = TA(f) + C () + O(1)

where f(o) = f(o',0?) is a continuous function on the worldsheet (differentiable as many times as you
need), v = det 7, is the determinant of the worldsheet metric, and

V Ef (\/_7“81,)

is the Laplacian operator.
Hint: You know that A(f) and C(f) are generally covariant local expressions of the form

[ @2 f(o)d

where ® (o) depends on the metric. To find ®(0), use a Diff transformation to bring the metric to the form

Yab = €xP(26(0)) Gy
such that ¢(0) = 0,¢0(0) = 0. (See §11.A of [1].)

2 Chiral anomaly in D =4

The heat-kernel technique can also be applied to the chiral anomaly of fermions in D = 4. Take a massless
Dirac fermion field ¢ with charge ¢, so that its Lagrangian is

=ipy*D,p, D, =0, —igA,,

where A, is a given external gauge field. Use the heat-kernel technique to find the anomaly under a chiral
transformation

WY — €.
We are looking for a formula for the variation of the measure in the Feynman path integral:
[DY][DY] — [DY][Dy] exp(ieW).

Show that
W ="Tr ( SetP ) where D’ = (y*D,)?,

and use the heat-kernel techniques to express W in terms of the field strength F),, .
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